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Feed rate modeling in circular–circular interpolation
discontinuity for high-speed milling
B. Gassara & M. Baili & G. Dessein & M. Hbaieb &
W. Bouzid Saï
Abstract In this paper, a modeling approach is presented in
order to evaluate feed rate during a circular interpolation in
high-speed milling. The developed model depends on the
type of discontinuity and the kinematic performance of the
machine tool. To begin with, a feed rate modeling for
circular interpolation with continuity in tangency is devel-
oped. After, the discontinuity in tangency between two
circular interpolations is replaced by discontinuity in curva-
ture by adding a fillet which is in relation to the functional
tolerance ε imposed in the part design. An experimental
study has been carried out to validate the models.
Keywords High-speed machining . Circular interpolation .
Feed rate . Tangency and curvature discontinuity
Nomenclature
V (t) Instantaneous feed rate (in millimeter per minute)
Vprog Programmed feed rate (in millimeter per minute)
Vm Maximum feed rate (in millimeter per minute)
VLb Feed rate limited by length of block (in millimeter
per minute)
Vtcy Feed rate limited by tcy (in millimeter per minute)
VAn Feed rate limited by normal acceleration (in milli-
meters per minute)
VJt Feed rate limited by tangential jerk (in millimeters
per minute)
Vfc Transition feed rate (in millimeters per minute)
A(t) Acceleration of work (in meters per square second)
Am Maximum acceleration (in meters per square
second)
An Normal acceleration (in meters per square second)
At Tangential acceleration (in meters per square
second)
J(t) Jerk of work (in meters per cubic second)
Jm Maximum jerk (in meters per cubic second)
Jt Tangential jerk (in meters per cubic second)
Jn Normal jerk (in meters per cubic second)
tcy Interpolation cycle time (in seconds)
Tc Simulated cycle time (in seconds)
TcCAM Cycle time calculated by CAM software (in
seconds)
Tacc Acceleration time (in seconds)
Tdec Deceleration time (in seconds)
TVprog Total time when we used Vprog
δt Circular transition block crossing time (in seconds)
Cact Actual cost
Cest Estimated cost
Cm Cost of the machine
S Curvilinear abscissa (in millimeters)
R1; R2 Workpiece curvature radius (in millimeters)
RC Fillet radius (in millimeters)
ε Imposed error (in millimeters)
γ Orientation angle (in degrees) (rd)
r1 The percentage of the use of Vprog
1 Introduction
Among the functions of the computer-aided manufacturing
(CAM) software, we can find the creation of a tool path.
Through this function, we can realize any requested opera-
tion. This trajectory is described by the software; it can be
composed of many elementary interpolations shared in
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linear (G01) and circular interpolation (G02 and G03).
The large number of these elementary interpolations
requires a variety of discontinuities in the path [1–4].
This will cause a significant instability in the real feed
rate, which results in slowdowns at the end of each
interpolation because the transition feed rate in disconti-
nuities are much lower than the programmed feed rate
[5–8]. This implies an increase in machining time and
non compliance with the programmed feed rate [9, 10].
The real machining time is often very high compared to
the time estimated by the CAM software, which leads
to productivity issues and an underestimation of the cost
of machining for the industry.
In the context of high-speed milling (HSM), primarily, it
is necessary to adapt the tool path to rapid piloting the
machine and to respect the maximum consumed power. To
make the trajectories continuous, two methods are possible.
The first is to add a circle arc in the crossing of discontinuity
in tangency [6, 7, 11, 12]. The second is to estimate the
trajectory with polynomial function [13]. Then, the machine
must have a rigid structure adapted to these conditions. The
performances, which are associated with the numerical con-
trol unit (interpolation cycle time, look ahead…), should be
also improved.
Pessoles [6] has presented the fillet radius modeling on
the level of discontinuities in tangency which was in relation
with the surface tolerance ε. This modeling was applied to a
path on linear–linear contour. In the manufacturing indus-
tries, the fillet radius is inserted through a discontinuity by
using the NC functions G641 and G642. The latter permits
to insert a fillet according to the distance which the rounding
block may begin (G641) and the axial tolerance (G642).
These two functions do not reflect the value of tolerance ε
(as shown on Fig. 1).
In this paper, a model calculating the feed rate during
a circular interpolation is presented. For the modeling,
the tool path is discretized into several blocks with
discontinuity in tangency and curvature (Fig. 1). The
t.d. between two circular interpolations was replaced by
curvature discontinuity (c.d.) by adding a fillet which is a
function of the tolerance ε.
The establishment of this model allows us to identify
the machine behavior at the transition between two
circular interpolations and to determine the optimal fillet
radius. For imposed machining quality (error ε), an
optimization of cycle time is achieved through the de-
termination of the optimal fillet radius Rc. This model
can be applied in the machining strategies that contain
circular interpolations. An experimental study was car-
ried out on a HSM machine to verify the developed
models.
2 Feed rate modeling for circular interpolation
with continuity in tangency
The theoretical study was developed in two steps. The
first step focuses on the feed rate modeling in circular
interpolation. The second one was devoted to modeling
geometric continuity in tangency; it consists of calculat-
ing the radius between circular–circular interpolations in
relation to the tolerance ε imposed on the designed
piece.
2.1 Feed rate modeling
Circular interpolation is a mode of work used in manufactur-
ing. This mode is greatly dependent on kinematic perform-
ances of the machine [8] and on the physical phenomenon of
cutting [14, 15].
2.1.1 Analytical feed rate modeling
In this part, a kinematic behavior study of a machine tool
following a circular path in the plane (XY) is proposed
(Fig. 2). The equation of curvilinear movement law during
a circular profile is
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Fig. 2 Circular interpolation
V
!¼ dsðtÞ
dt
T
!¼ V ðtÞT! ð1Þ
A
!
R ¼ dV
!
dt
¼ dV ðtÞ
dt
T
!þ V
2ðtÞ
R1
d T
!
dt
¼ AtðtÞT!þ AnðtÞN! ð2Þ
with AtðtÞ ¼ dV ðtÞdt AnðtÞ ¼ V
2ðtÞ
R1
J
!
R ¼ d
~At
dt
~T þ d
~An
dt
~N ¼ dV
2ðtÞ
dt2
~T þ 2 V ðtÞ
R1
dV ðtÞ
dt
~N
¼ JtðtÞ~T þ JnðtÞ~N ð3Þ
with JtðtÞ ¼ dV
2ðtÞ
dt2 JnðtÞ ¼ 2 V ðtÞR dV ðtÞdt A
!
R and J
!
R are
respectively the resultant vector of acceleration and jerk.
In a circular interpolation, the acceleration has two
components: tangential acceleration At (t) and a normal
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Fig. 5 Programmed and real trajectory
acceleration An (t). Each component of acceleration is
controlled by a tangential jerk Jt (t) and a normal jerk
Jn (t). For acceleration and deceleration phases, tangen-
tial jerk has a step profile; however, normal jerk has
variable and low value (as shown on Fig. 1). For all
other phases, tangential and normal jerks are null. In
addition to that, the machine axes are driven by a
constant value of the jerk. So, in this work only tan-
gential jerk is considered.
Pateloup [4] and Erkorkmaz [15] have developed an
analytical modeling of the feed rate for a linear inter-
polation. Based on these works, the analytical feed rate
modeling is transposed for circular interpolation. New
equations given by this transposition are detailed as
following.
For motion along the tool path, the value of jerk is
constant, so the acceleration has trapezoidal profiles.
Zone 1: The acceleration has linear profiles, the feed rate
has parabolic profiles and the displacement has
cubic profiles.
S0 is the length of the last block, Si 0 S(Ti) and Vi 0 V(Ti)
with i00 to 7.
8t 2 T0; T1½ 
J1ðtÞ ¼Jt1ðtÞ ¼ Jm Jt1ðtÞ ¼ dV1
2ðtÞ
dt2
Jn1ðtÞ ¼ 2 V1ðtÞR1
dV1ðtÞ
dt
A1ðtÞ ¼ At1ðtÞ ¼ Jmt At1ðtÞ ¼ dV1ðtÞdt An1ðtÞ ¼
V 21 ðtÞ
R1
V1ðtÞ ¼ Jm2 t
2 þ V0
S1ðtÞ ¼ Jm6 t
3 þ V0t þ S0
8>>>>>><
>>>>>>:
Zone 2: The feed rate has linear profiles, the acceleration
values are constant, and the Jerk of work is 0.
8t 2 T1; T2½ 
J2ðtÞ ¼ Jt2ðtÞ ¼ 0 Jt2ðtÞ ¼ 0 Jn2ðtÞ ¼ 2 V2ðtÞR1
dV2ðtÞ
dt
A2ðtÞ ¼ At2ðtÞ ¼ JmT1 ¼ Am At2ðtÞ ¼ dV2ðtÞdt An2ðtÞ ¼
V 22 ðtÞ
R1
V2ðtÞ ¼ JmT1 t  T1ð Þ þ V1
S2ðtÞ ¼ JmT12 t  T1ð Þ
2 þ V1 t  T1ð Þ þ S1
8>>>>>>><
>>>>>>:
Point (C, D, E) coordinates 
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Calculation of the orientation angle 
Calculation of the fillet radius (RC)
at the discontinuity 
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Fig. 6 Recursive algorithm for
geometric modeling of
tangency discontinuity
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Fig. 7 Fillet radius between
circular–circular contour
Zone 3: The profiles generated looks like the profiles of
zone 1.
8t 2 T2; T3½ 
J3ðtÞ ¼ Jt3ðtÞ ¼ Jm Jt3ðtÞ ¼ dV3
2ðtÞ
dt2
Jn3ðtÞ ¼ 2 V3ðtÞR1
dV3ðtÞ
dt
A3ðtÞ ¼ At3ðtÞ ¼ Jm t  T2ð Þ þ JmT1 At3ðtÞ ¼ dV3ðtÞdt An3ðtÞ ¼
V 23 ðtÞ
R1
V3ðtÞ ¼  Jm2 t  T2ð Þ
2 þ JmT1 t  T2ð Þ þ V2
S3ðtÞ ¼  Jm6 t  T2ð Þ
3 þ JmT1
2
t  T2ð Þ2 þ V2 t  T2ð Þ þ S2
8>>>>>><
>>>>>:
Zone 4: It corresponds to a feed rate equal to the maximum
value and zero acceleration and jerk.
8t 2 T3; T4½ 
J4ðtÞ ¼ Jt4ðtÞ ¼ 0 Jt4ðtÞ ¼ 0 Jn4ðtÞ ¼ 0
A4ðtÞ ¼ An4ðtÞ ¼ V
2
m
R1
At4ðtÞ ¼ 0 An4ðtÞ ¼ V
2
m
R1
V4ðtÞ ¼ V3 ¼ Vm
S4ðtÞ ¼ Vm t  T3ð Þ þ S3
8>>><
>>>>:
Zone 5: The profiles generated looks like the profiles of
zone 1.
8t 2 T4; T5½ 
J5ðtÞ ¼ Jt5ðtÞ ¼ Jm Jt5ðtÞ ¼ dV5
2ðtÞ
dt2
Jn5ðtÞ ¼ 2 V5ðtÞR1
dV5ðtÞ
dt
A5ðtÞ ¼ At5ðtÞ ¼ Jm ðt  T4ÞAt5ðtÞ ¼ dV5ðtÞdt An5ðtÞ ¼
V 25 ðtÞ
R1
V5ðtÞ ¼  Jm2 t  T4ð Þ
2 þ Vm
S5ðtÞ ¼  Jm6 t  T4ð Þ
3 þ Vm t  T4ð Þ þ S4
8>>>>>><
>>>>>>:
Zone 6: The profiles generated looks like the profiles of
zone 2.
8t 2 T5; T6½ 
J6ðtÞ ¼ Jt6ðtÞ ¼ 0 Jt6ðtÞ ¼ 0 Jn6ðtÞ ¼ 2 V6ðtÞR1
dV6ðtÞ
dt
A6ðtÞ ¼ At6ðtÞ ¼ Jm T5  T4ð Þ ¼ Am At6ðtÞ ¼ dV6ðtÞdt An6ðtÞ ¼
V 26 ðtÞ
R1
V6ðtÞ ¼ Jm T5  T4ð Þ t  T5ð Þ þ V5
S6ðtÞ ¼ Jm T5  T4ð Þ2 t  T5ð Þ
2 þ V5 t  T5ð Þ þ S5
8>>>>><
>>>>>:
Zone 7: The profiles generated looks like the profiles of
zone 1.
8t 2 T6; T7½ 
J7ðtÞ ¼ Jt7ðtÞ ¼ Jm Jt7ðtÞ ¼ dV7
2ðtÞ
dt2
Jn7ðtÞ ¼ 2 V7ðtÞR1
dV7ðtÞ
dt
A7ðtÞ ¼ At7ðtÞ ¼ Jm ðt  T6Þ  Jm T5  T4ð Þ At7ðtÞ ¼ dV7ðtÞdt An7ðtÞ ¼
V 27 ðtÞ
R1
V7ðtÞ ¼ Jm2 t  T6ð Þ
2  Jm T5  T4ð Þ t  T6ð Þ þ V6
S7ðtÞ ¼ Jm
6
t  T6ð Þ3  Jm T5  T4ð Þ t  T6ð Þ2 þ V6 t  T6ð Þ þ S6
8>>>>>><
>>>>>>:
Table 1 Geometric parameters
of the tool path (θ1 0 θ2 0 80°) ε00.2 mm
Points coordinates γ (°) Type of discontinuity Rc (mm) TIT (mm)
C D E R1 R2
Case1 X 10 61.42 74.81 40 60 0 In curvature – –
Y 20 20 95.96 40 60
Case2 X 10 46.36 109.54 40 60 90 In tangency 0.49 0.48
Y 20 56.36 100.6 40 60
Case3 X 10 61.42 120.51 40 60 120 In tangency 0.205 0.35
Y 20 20 −29.58 40 60
The limit conditions of the feed rate are
The duration of each phase Ti (T1 to T7) is calculated
according to the geometric and kinematic constraints using
modeling results. MATLAB© software is used in order to
develop a feed rate simulator. The kinematic profiles used in
feed rate generation are showed on Fig. 3.
For a circular interpolation, the movement law of feed
rate is divided into three phases. As depicted on Fig. 3,
during the first phase (CC′), the feed rate increases and
reaches the stationary value, and the tangential acceleration
increases until reaching its maximum value then decrease
until it vanishes. This is generated on the basis of the
minimal tangential jerk achievable in the circle. In this
phase, the jerk of work is equal to tangential jerk. In the
second phase (C′D′), the maximal feed rate was achieved,
the corresponding acceleration is only normal, and the nor-
mal jerk Jn is null. It can be concluded that during circular
interpolation, the tangential jerk value is controlled by the
numerical control unit (NCU) in order to generate a feed rate
limited by the maximum axis jerk [8]. Finally, the third
phase (D′D) is totally symmetric to the first phase.
2.1.2 Different types of feed rate limitation in circular
interpolation
1. Constraint imposed by the capacities of the axes
The less dynamic axis requires its capabilities during
kinematic displacement when interpolated between several
axes. The optimum solution is to use an axis to its maximum
capacity or to define the following limitation [8]:
Vl ¼ min VmX
cos ap
  ; VmYsin ap 
 !
t
;Am
¼ min AmX
cos aej j ;
AmY
sin aej j
 
; Jm
¼ min JmX
cos ap
  ; JmYsin ap 
 !
The input parameters,
V0, V7, Am, Jm, θ1, R1,
and Vm
Ti Vi Si
T0 V0 S0
T1
V1 ¼ Jm2 T12 þ V0 S1 ¼ Jm6 T13 þ V0T1 þ S0
T2
V2 ¼ JmT1 T2  T12
 þ V0 S2 ¼ JmT316 þ Jm2 T1T2 T2  T1ð Þ þ V0T2 þ S0
T3
V3 ¼ JmT1T2 þ V0 ¼ Vm S3 ¼ JmT1T22 T2 þ T1ð Þ þ V0T3 þ S0
T4
V4 ¼ Vm S4 ¼ Vm T4  T3ð Þ þ S3
T5
V5 ¼  Jm2 T5  T4ð Þ2 þ Vm S5 ¼  Jm6 T5  T4ð Þ3 þ Vm T5  T3ð Þ þ S3
T6
V6 ¼  Jm2 T5  T4ð Þ 2T6  T5  T4ð Þ þ Vm S6 ¼  Jm T5  T4ð Þ
3
6
þ Jm
2
T5  T4ð Þ T6  T5ð Þ
T6  T4ð Þ þ Vm T6  T3ð Þ þ S3
T7 V7 ¼ Jm T5  T4ð Þ T6  T4ð Þ þ Vm S7 ¼  Jm T5  T4ð Þ T6  T4ð Þ2 T6 þ T5  2T4ð Þ
þ Vm T7  T3ð Þ þ S3 ¼ θ1R1
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Fig. 8 Fillet radius between circular–circular contour
Wi t h ap 2 ae; as½ ; as  ae ¼ θ a n d ae ¼ arccos
XO1XCj j
R1
 
αp, αe, αs, Vl, VmX, VmY, AmX, AmY, JmX, and JmY are
respectively the angular position, the input angle, the output
angle, the attainable feed rate according to axis feed rate
capacity, the maximum feed rate for the X-axis, the maxi-
mum feed rate for the Y-axis, the maximum acceleration for
the X-axis, the maximum acceleration for the Y-axis, the
maximum jerk for the X-axis, and the maximum jerk for
the Y-axis. When the stationary feed rate is reached, the two
corresponding parameters are normal acceleration An 0 Am
and tangential jerk Jt 0 Jm.
When we use the limitation of the normal acceleration,
the feed rate is [6]
VAn ¼
ffiffiffiffiffiffiffiffiffiffi
R1An
p
ð4Þ
When we use the limitation of the tangential jerk, the feed
rate is deduced from Eq. 3 [6]:
VJt ¼ 3
ffiffiffiffiffiffiffiffi
JtR21
q
ð5Þ
2. Constraint imposed by NCU
For small radius values, the feed rate will be limited by
the NCU. The feed rate Vtcy limited by the interpolation
cycle time tcy is
Vtcy ¼
R1θ1
tcy
¼ Lb
tcy
ð6Þ
with Lb as the total length of the block.
3. Constraint imposed by the tool path length
In this case, the sum of the acceleration and deceleration
length (Lacc and Ldec) is superior to Lb. So, the machine
never finds the sufficient stroke to reach the maximum feed
rate. The feed rate VLb limited by the length of the tool path
is calculated by using the analytical model presented in the
beginning.
4. Conclusion
The feed rate Vm is related to three types of parameters:
adjustments and capacity of NCU (Vtcy), the NC programs
(Vprog; VLb), and the capacities of the axes (V1; VAn; VJt)
Feed rate for the circular interpolation is Vm ¼ min
Vl; Vprog; VJt ; VAn ; Vtcy ; VLb
 
.
2.2 Transition feed rate modeling
At the time of a discontinuity in tangency or in curvature,
numerical control unit slows down in order to respect the
maximum values of acceleration and jerk for each axis. In
the crossing of a discontinuity in curvature γ00° (continuity
in tangency) (point D) (Fig. 4), the transition feed rate Vfc
has to be equal to 0 and the second derivatives of the tangent
to the tool path d
2ðTÞ
ds2 is not defined.
The feed rate for a discontinuity in curvature between
two circle arcs with different radius values is proposed in
[12]:
Vfc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R1R2Jmdt
R1  R2j j
s
ð7Þ
The value of jerk Jm in the point D is
Jm ¼ min JmXcos ae þ θ1ð Þj j ;
JmY
sin ae þ θ1ð Þj j
 
In the crossing of a discontinuity in tangency γ≠0°, two
methods will be considered. The first is to annul the feed
rate on this discontinuity. This implied a stop of cutting
process, brand of the part, and an increase in the cycle time.
The second method is to authorize an error (ε) between
the programmed trajectory and the real trajectory to obtain a
non-null feed rate of transition (Fig. 5). In this case, the tool
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Fig. 9 Feed rate profile for the circular–circular contour
does not pass along the point of discontinuity. This will be
detailed in the following part.
2.3 Geometric modeling of tangency discontinuity
In this part, a geometrical model of t.d. is presented (as
shown on Fig. 1). For the modeling, the considered trajec-
tory of tool center is generated by CAM software. The
method of the tangency discontinuity modeling between
two circular interpolations is detailed on Fig. 6.
2.3.1 Influence of tool path geometry on the type
of discontinuity
For the machining operation, there was a discontinuity in
curvature or in tangency on the level of direction shift; this
makes the movement slow down. This type of this
V=Vfc
Circular:  ( )m l prog Jt An tcyV min V ;V ;V ;V ;V=
Point (C; D; E) coordinates 
and Radius (R1; R2) 
Calculation of the feed rate at the extremity
Discontinuities in 
tangency 
Discontinuities in 
curvature
Limitation 
by the Vprog
V=Vprog
acc dec bL L L+ ≤
Yes NO 
Yes NO 
Computation of Vm
bm L
V V=
Calculation of the fillet radius 
(RC) at a discontinuity  
Kinematic parameters: 
(Feed rate; Acceleration; 
Jerk)
Fig. 10 Recursive algorithm
for estimating the feed rate
Fig. 11 Machining center Huron KX10
Table 2 Machine characteristics
Huron KX10
Spindle
Spindle speed 100–24,000 rev/min
Maximum power 20 kW
Axis capacity
Maximum fast speed XY 30 m/min
Maximum fast speed Z 18 m/min
Feed rate XY 10 m/min
Maximum acceleration XY 3 m/s2
Maximum jerk XY 50 m/s3
NCU
Design Siemens 840D
Acceleration mode Soft
the tangential displacement mode G64 and G641
Look ahead 100 blocks
Interpolation cycle time tcy 2 ms
discontinuity depends on the orientation angle γ (as shown
on Fig. 1).
The angle γ has the following form:
g ¼ θ1
2
þ θ2
2
þ a  b ð8Þ
From Eq. 8, two cases of the discontinuity are distinguished:
& Curvature discontinuity (continuity in tangency) γ00°.
& Tangency discontinuity 0° < γ<180°.
The orientation angle γ has a great influence on the type
of discontinuity and the feed rate evolution. It is determined
from the points C, D, and E coordinates using a geometry
equations (Eqs. 8, 9 and 10).
In the following part, a fillet radius modeling is devel-
oped in two steps. The first step permits to calculate the
angle γ basing on the points C, D, and E coordinates. The
second step consists of modeling the fillet radius value
between circular–circular interpolation in relation to the
tolerance ε imposed on the piece design.
2.3.2 Fillet radius modeling
The modeling of the fillet radius can be presented by two
methods. In the first, the fillet radius between the two arcs is
defined with NC function of the tangential displacement mode
(G641) of Sinumerik language [3]. The value of the fillet
radius depends on the distance TIT1 (as shown on Fig. 7)
which is the tolerance of interpolation of the trajectory. The
distance must be specified with ADIS (circle arc inserted by
NCU). In the second method, the fillet radius between the two
arcs can be defined with a modal instruction RNDM or a not
modal instruction RND2 (circle arc inserted in NC programs).
As said before, the machine slowed down on the level of
discontinuities in tangency. So, the control unit allows a
non-null feed rate if an error ε is defined. This creates an
arc of a circle (radius Rc) which depends on imposed error ε
on orientation.
In the case of circular–circular interpolation (as shown on
Fig. 1), the tool path is represented by two arcs: (CD; circle
C1, radius R1, and center O1) and (DE; circle C2, radius R2,
and center O2).
The coordinates of point E are given by:
XE ¼ 2R2 sin θ22 cos b þ XD
YE ¼ 2R2 sin θ22 sin b þ YD
ð9Þ
Where XD and YD are the point D coordinates, they are
given by:
XD ¼ 2R1 sin θ12 cos a þ XC
YD ¼ 2R1 sin θ12 sin a þ YC
ð10Þ
Where XC and YC are the point C coordinates
1. Concave–concave contour
Figure 7a shows a path with a discontinuity in tangency
located at connection between two concave circular con-
tours with the angle of orientation γ>0°. In this case, the
two centers O1 (XO1, YO1) and O2 (XO2, YO2) are placed on
the same side of the trajectory.
Firstly, the angles θ1, θ2, β, and α are determined using
Eqs. 9 and 10 and then the angle γ is calculated from the
Eq. 8.
The fillet radius, which depends on the imposed error ε
(Fig. 7b), is given by:
" ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
XD  XGð Þ2 þ YD  YGð Þ2
q
ð11Þ
The equation of the circular interpolation in arc CD is
X  XO1ð Þ2 þ Y  YO1ð Þ2 ¼ R21 ð12Þ
The equation of the circular interpolation in arc DE is
X  XO2ð Þ2 þ Y  YO2ð Þ2 ¼ R22 ð13Þ
The coordinates of the point OC and the radius RC are
calculated by:
XOC  XO1ð Þ2 þ YOC  YO1ð Þ2 ¼ R1 þ RCð Þ2
XOC  XO2ð Þ2 þ YOC  YO2ð Þ2 ¼ R2 þ RCð Þ2
XOC  XDð Þ2 þ YOC  YDð Þ2 ¼ "þ RCð Þ2
8>><
>:
TIT is calculated in relation to ε. It is introduced to the
zone from which or to which the block transition is rounded
(as shown on Fig. 7b) when TIT 0 IM 0 IN.
1 The distance which the rounding block may begin.
2 Instruction of rounding the corner of the contour of Sinumerik
language: RNDM, model instruction; RND, not model instruction
R
c
Oc
ε
Tool center path
C
D
E
M N
Tool
Y
X
Path after modification
Fig. 12 Tool path geometry
With I as the intersection between Δ1 and Δ2, Δ1 is the
tangent to the circle C1 at point M, and Δ2 is the tangent to
the circle C2 at point N.
The point M belongs to circles Cc and C1 and N belongs
to circles Cc and C2. Thus the coordinates of N and M are
calculated using the circle equations.
The coordinates of point I may be calculated by:
XM  XIð Þ2 þ YM  YIð Þ2 ¼ XN  XIð Þ2 þ YN  YIð Þ2
 XO1  XM
YO1  YM
XI  YI þ XO1XM þ YO1YM  X
2
M  Y 2M
YO1  YM
¼ 0
8><
>:
ð14Þ
The value of (TIT) is given by:
TIT ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
XM  XIð Þ2 þ YM  YIð Þ2
q
ð15Þ
Table 1 presents an application of the model developed
for three different geometries of the trajectory shown on
Fig. 7 for an imposed error ε equal to 0.2 mm. The first
case corresponds to an angle γ equal to 0; the second and
the third cases correspond to angle γ values different from 0.
In the last cases, it is noted that the angle γ has a great
influence on the value of the fillet radius Rc.
2. Concave–convex contour
Figure 8 shows a fillet radius between concave circular
and convex circular interpolation. In this case, the two
centers O1 and O2 were placed on different sides on the
trajectory.
Rc, XOc, and YOc are calculated as follows:
XOC  XO1ð Þ2 þ YOC  YO1ð Þ2 ¼ R1 þ RCð Þ2
XOC  XO2ð Þ2 þ YOC  YO2ð Þ2 ¼ R2  RCð Þ2
XOC  XDð Þ2 þ YOC  YDð Þ2 ¼ "þ RCð Þ2
8>><
>:
In Siemens NCU, the TIT value must not exceed 0.5 mm.
If it is the case, the radius Rc must be introduced in the
program with circular interpolation (G02 and G03) between
M and N or by a modal instruction RNDM or a not modal
instruction RND.
Table 3 Geometric parameters
Discontinuity in D
Points coordinates R1
(mm)
R2
(mm)
θ1
(°)
θ2
(°)
γ
(°)
Type of
discontinuity
ε
(mm)
Rc
(mm)
TIT
(mm)
Vprog (mm/
min)
C D E
Test
1
X 10 67.85 143.81 40 60 80 80 90 In tangency Case1 0.213 0.51 – 10,000
Case2 0.213 0.51 0.5 1,000Y 20 20 6.6
Case3 2.24 8 – 10,000
Test
2
X 10 61.42 74.81 40 60 80 80 0 In curvature – – – 10,000
Y 20 20 95.96
-123.8 -123.225 -122.65
-325.3
-325.2
-325.1
-325
-324.9
-324.8
Y
 (m
m
)
X (mm)
   =0mm; no TIT
   =0.213mm; TIT=0.5mm
   =0.213mm; RND=0.51mm
ε
M
D
ε
ε N
D
N
M
G
I
Δ2
Δ1
TIT TIT
Oc
ε
Fig. 13 Insertion of a circle arc which crosses discontinuity in tan-
gency by G641 and RND function
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Fig. 14 Experimental variation of feed rate for the RND and G641
function
2.3.3 Methodologies of feed rate calculation in the crossing
of a continuity in tangency
In this part, the methodology of calculating the feed rate at
crossing in two circular interpolations is detailed. A discon-
tinuity in tangency is located between these two interpola-
tions at point D. This discontinuity is eliminated by the
insertion of arc MN.
Figure 9 depicts the correspondence between the tool
path and the feed rate profile. The modeling steps are
represented in the following diagram shown on Fig. 10:
The modeling steps are as follows:
– Determination of the angle γ using the point coordi-
nates to identify the type of discontinuity using Eq. 8.
– Calculation of the fillet radius (RC), if it is a disconti-
nuity in tangency.
– Calculation of the feed rate at the extremity using Eq. 7.
– Computation of the maximum feed rate Vm ¼ min
Vl;Vprog;VJt ;VAn ;Vtcy ;VLb
 
.
– Calculation of the duration of each phase Ti (T1 to T7)
for each block.
– Plot the evolution of feed rate in function of time using
MATLAB© software.
3 Experimental tests and results
3.1 Experimental method
In order to validate the models and to determine the influ-
ence of the geometry of the trajectory on the feed rate
evolution and the fillet radius, experiments were carried
out on a high-speed machine (as shown on Fig. 11). See
machine characteristics in Table 2.
The HSM configuration adopted for this experimental
study integrates the continuous path mode with the tangential
displacement mode (G641) and the “soft” acceleration mode
[4]. In order to determine the influence of the geometry of the
trajectory on the feed rate evolution and to validate the devel-
oped model, the tool path presented on Fig. 12 and following
several tests was designed (see Table 3) afterwards an indus-
trial application was carried out.
Based on a geometry presented in test 1 (as shown on
Table 3), Fig. 13 shows a comparison between the
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Fig. 15 Theoretical and experimental variation of feed rate; TIT00.5
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Fig. 16 Theoretical and experimental variation of feed rate
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Table 4 Fillet radius in relation to error
The geometric parameters is presented in test 1 (Table 3)
ε (mm) 0.02 0.08 0.213 0.41 0.68 1.29 1.84 2.24 4.09
Rc (mm) 0.05 0.22 0.51 1.2 2 4 6 8 15
TIT (mm) 0.05 0.2 0.5 – – – – – –
transition trajectory generated by G641 and RND func-
tion (case1 and case2). In experimental study, the real
tool path is registered.
For the same error value (ε00.213 mm), the tool path
generated by the Siemens CNC (G641) at the transitions is
slightly different from that generated with RND. In the first
case, a polynomial trajectory interpolation can be used by
the Siemens CNC, and this justifies the disparity between
these results. This phenomenon is well met in the work of
Pessoles [6] in the case of the transition between two linear
interpolations.
Figure 14 shows not so great difference at the feed rate
evolution between the two methods (with G641 and with
RND). The difference between the transition trajectory gen-
erated by the RND and G641 function (as shown on Fig. 13)
has no great impact on the cycle time. This is due to the
small crossed distance during the block transition.
3.2 Results and discussion
3.2.1 Elementary tests
In order to validate the developed model and to determine
the impact of the imposed error on the cycle time evolution,
elementary tests are carried out. Based on a geometry pre-
sented in the test 1 (as shown on Table 3), the feed rate
variation to crossing in the discontinuity in tangency is
calculated (Fig. 15). Test 1 includes three cases studies. In
the following, case 2 and case 3 are considered.
For the case 2, the discontinuity in tangency is eliminated
by adding a circle arc which is a function of the TIT (as
shown on Fig. 7). Case 3 is like the latter, although the circle
arc is introduced in the program with RND function
(Fig. 16).
Test 2 presents the geometrical parameters of a path with
discontinuity in curvature (γ00°) located at connection
between two circular contours. Figure 17 shows a feed rate
variation to crossing in the discontinuity in curvature.
For the cases 2 and 3 (test 1), at discontinuity (point D), it
is noted that the machine slows down immediately, only for
test 2. For the circular interpolation, the machine adopted a
maximum speed in relation to its capacities, type of discon-
tinuity, and radius of trajectory.
The absence of acceleration and deceleration phases at
the level of fillet radius in experimental graph (as shown on
Fig. 15) was the result of experimental cycle time limitation
of the machine. Indeed, the time of acceleration is inferior to
experimental cycle time, which allows to conclude that the
experimental cycle time is superior to theoretical cycle time
(tcy02 ms).
So, the tool never finds the sufficient time to respect the
theoretical variation of the feed rate. In order to define the
impact of the error value on the cycle time, trajectories with
presenting two circular interpolations following several tests
were designed (as shown on Table 4). These tests were
developed in experimental and theoretical studies. The ex-
perimental study is obtainable in two methods. Firstly, the
fillet radius between the two arcs is generated by NC func-
tion of the tangential displacement mode (G641) (if TIT≤
0.5 mm). Secondly, the fillet radius is inserted in the NC
programs with a circular interpolation (G02 and G03) or
with a modal instruction RNDM or a not modal instruction
RND.
Table 4 presents the fillet radius value in relation to error.
Figures 18 and 19 show respectively the experimental feed
rate evolution and the theoretical feed rate evolution for
different values of the imposed error ε.
Figures 18 and 19 show a good correlation between the
experimental and the theoretical results. It is noted that when
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Fig. 18 Experimental variation of feed rate for various values of error
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Fig. 19 Theoretical variation of feed rate for various values of error
the error value increases, the fillet radius and the transition
feed rate increases. However, this speed gain does not cause
a decrease of the total cycle time. So, it is necessary to
increase the fillet radius to find the optimal solution.
Figure 20 presents the evolution of the time function of
the fillet radius and the values of the imposed error between
the programmed and the real trajectory. It permits to define
the fillet radius for a fixed value of the error ε.
Figure 20 illustrates that the maximum error between the
theoretical and experimental results is 5 %. This error is
almost constant for all tests. It represents a good estimation
of the optimal fillet radius. It is proven that a small increase
of the fillet radius value does not have a significant influ-
ence on the reduction of the cycle time. However, when the
fillet radius value exceeds 2 mm, a reduction of cycle time
can be obtained.
3.2.2 Industrial application
The proposed methodology for evaluating the feed rate
was applied to a machined die of the SIAF Tunisian
manufacture (Fig. 21). The generated tool path includes
the various cases of connection between two circular inter-
polations (Fig. 22c).
The final HSM configuration adopted for this appli-
cation includes the continuous path mode smoothed
by the tangential displacement mode (G641 with TIT0
0.05 mm).
The tool path is generated with CAM software. The used
machining strategy is contour parallel. The cutting parame-
ters are the following: cutter tool diameter dout020 mm,
programmed feed rate Vprog08,000 mm/min, spindle speed
N03,800 rev/min, radial depth of cut ae00.9dout, and axial
depth of cut ap00.3 mm.
For this application, the feed rate variation is calculated
during the sweeping of the first machining level as shown
on Fig. 23. The proposed methodology for evaluating the
feed rate in high-speed milling is based on the following
elements:
– Generation of point coordinates of the trajectory
(NCI file),
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Fig. 20 Impact of the error
values on the cycle time
Fig. 21 Work piece
configuration
– Modeling of the fillet radius at the discontinuities
according to the imposed error, and
– Determination of the feed rate evolution and thereafter the
cycle time under the kinematic constraints of themachine.
The percentage of the error between the theoretical and
experimental values of the cycle time is 2 %. Figure 23
illustrates that the feed rate does not always reach the
programmed value during the machining process.
For theoretical study, the percentage of the use of the
programmed feed r1 is calculated (as shown on Fig. 24). The
percentage of the programmed of feed rate used is
r1 ¼
TVprog
Tc
ð16Þ
The total time when we used the programmed feed rate
TVprog is determined according to the profile of the feed rate
(as shown on Fig. 25). The total time TVprog is given by
TVprog ¼
Xi¼1
i
TVprog ð17Þ
It is noted that the percentage r1 decreases by increasing
the value of the programmed feed rate. Hence, it is
necessary to consider the variation of the feed rate in the
calculation of cycle time.
The model used for this study allowed the estimation of
the cycle time for the used machining strategy according to
the imposed error and thereafter an estimation of the cycle
time as a function of programmed feed rate (Fig. 26).
Figure 26 illustrates that the time TcCAM calculated by CAM
software (the trajectory length/programmed feed rate) is not
representative of the real machining time. It can be concluded
that the importance of this shift should be taken into account
during the calculation of the time and the cost of machining.
For a programmed feed rate Vprog08,000 mm/min, the
total cycle time calculated by CAM software is given by:
TcCAM ¼ ltotVprog ¼ 9:76s ð18Þ
When we used a variable feed rate, the total cycle time is
given by:
Tc ¼ 15:77s
The report η showed that the estimated cost Cest is much
higher than the actual cost Cact:
η ¼ Cact
Cest
¼ CmTc
CmTcVprog
¼ Tc
TcVprog
1:6 ð19Þ
(a) Machining of the die (b) Simulation on CAM Software 
(c) Tool paths during the sweeping of the first machining level 
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Fig. 22 Simulation and
machining using a tool with a
diameter of 20 mm
Cest (estimated cost) is calculated as a function of the time
TcCAM calculated by CAM software. Cact (actual cost) is
calculated as a function of the simulated time Tc.
0 2 4 6 8 10 12 14 16
0
1000
2000
3000
4000
5000
6000
7000
8000
9000
V
 
(m
m
/m
in
)
t (sec)
Model Experiments
Z oom 1 Z oom 2
0 1
0
2000
4000
6000
8000
V
 
(m
m
/m
in
)
t (sec)
Zoom1
8 9 10
Zoom2
t (sec)
Fig. 23 Theoretical and
experimental variation of feed
rate during the sweeping of the
first machining level
4500 6500 8000 10000
0
20
40
60
80
100
V       [mm/min]
r1
 %
 
o
f c
yc
le
 ti
m
e
prog
57.1
36.4
24.5
15.2
Fig. 24 Representative graph of using percentage of the programmed
feed rate
Fe
ed
 
ra
te
Time
TVprog i Vprog i+1TTVprog i-1
progV
Fig. 25 Feed rate profile
4 Conclusion
This paper presents a theoretical study of the feed rate
evolution in HSM for a circular interpolation. This work
allows to presents a model of the machine tool behavior
during a circular–circular interpolation. This model permits
to determine the optimal fillet radius value which will be
inserted at a discontinuity. This study can be associated with
modeling a set of interpolations of a machining strategy.
For a fixed error ε, the model permits to calculate the fillet
radius Rc and the TIT. An experimental study was carried out
in order to validate models and to determine the influence of
the geometry of the path on the feed rate evolution.
By comparing theoretical model and experimental study,
a maximum error of 5 % was obtained. The industrial
application permits to validate the modeling and to deter-
mine the influence of feed rate variation on the cycle time.
Future work will concentrate on developing a module for
generating the trajectory according to the diameter of the tool.
This module will be integrated in the used simulator. As a
result, this simulator will be able to determine the optimal
strategy and optimal tool diameter in order to minimize cycle
time according to the machining quality. So, it can be applied
to the pocket in any shape and mold machining.
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